




















Decoherence and relaxation of a qubit coupled to a Ohmic bath directly and via a
intermediate harmonic oscillator
Xian-Ting Liang
Department of Physics and Institute of Modern Physics, Ningbo University, Ningbo, 315211, China
Abstract
By use of the numerical path integral method we investigate the decoherence and relaxation of a qubit which is coupled to
a Ohmic bath directly and via a intermediate harmonic oscillator (IHO). It is shown that the former has longer decoherence
and relaxation times than the latter has.
PACS numbers: 67.57.Lm, 03.65.Yz, 31.15.Kb
I. INTRODUCTION
Solid state qubits are considered to be promising can-
didates for realizing building blocks of quantum informa-
tion processors. Many researches on the decoherence,
relaxation and manipulation of qubits not only theo-
retically but also experimentally have been performed.
Most of these researches are based on a spin boson (SB)
model which is supposed being constructed with a spin
(qubit or two-level system) coupled to a bath and the
bath is always modeled with a set of harmonic oscillators
with Ohmic noise. The model has many physical corre-
spondence and has been widely investigated in last years
[10, 11]. There is another model which is different from
the origin spin boson one. In the model, the qubit cou-
ple to the coordinate x of a harmonic oscillator, which
we shall sometimes call the “intermediate harmonic os-
cillator” (IHO), and which in turn is coupled to a bath.
We set the bath is also the Ohmic bath and modeled
with a collection of harmonic oscillators. We call the
model the spin-IHO-bath (SIB) model which also has
some applications in many fields of physics. Based on
Leggett [1] works, Garg et al. [2] at first investigated
the model, obtained a map of the model to the SB one,
and obtained the spectral density of the effective bath
for the map. They used this model studying the mi-
gration of an electron from one biomolecule to another,
or between two localized sites in the same biomolecule.
Henceforth, this model receives much interest in the con-
text of quantum computing with condensed matter sys-
tems, especially for superconducting flux qubit devices,
see Ref. [3] and within. It is also useful for investigating
the measurement of the solid-state qubit [4] and mag-
netic resonance force microscopy [5, 6]. The model is not
exactly solvable but it can be analyzed using adiabatic
renormalization. However, in the method a systematic
weak damping approximation of the spin-boson model
should be used. This model can also be studied based
on the perturbative method which asks the system with
weak coupling. Aim at the problem, Gassmann et al.
[6] eliminate the off-diagonal terms of the Hamiltonian
of the model Hamiltonian and obtain an exactly solvable
model through dropping a unimportant term, where a
approximation similar to Born-Oppenheimer one is used.
It is interested to investigate the two models with some
other accurate methods and compare some characteris-
tics of the qubit in the two models. For example, it is
interested that in which model of above two the qubit
has a longer decoherence and relaxation times? This
problem is not obvious. In this paper we shall use an
accurate numerical path integral method based on qusia-
diabatic propagator path integral (QUAPI) scheme [7]
investigating the problem. As Makri addressed that the
method is non-Markovnian and it can make the calcula-
tions accurate enough even in very low temperature, large
tunneling amplitudes and strong coupling, for which the
Markovnian approximation is not always suitable.
II. MODELS AND DYNAMICS









































where ξ is the dimensionless Kondo parameter [8] (the
relationship of ξ with the friction coefficient η is ξ =
2η/πh¯), [9] and ωc is the cut-off frequency of the bath
modes. This model has been widely investigated in last
years [10, 11].
If we consider the qubit coupling to the coordinate x
of a single IHO which in turn is coupled to a bath, and






































where the displacement q characterizes the coupling of
the qubit to the intermediate oscillator. It is shown that






































where Γ = η/2M. It has been shown that the SB (1)
and SIB models (3) or (4) are same except for the spec-
tral densities if we set the q = 1 in SIB model. In order
to compare the two models we set them have the same
dimensionless Kondo parameters, namely have the same
friction coefficients. Thus, the effective spectral density
of the SIB model only have another two chosen parame-
ters, the displacement q and the massM of the IHO. The
displacement q is different according to the difference of
the physical systems. However, it is clear from Eq. (5)
that as the q increase the decoherence and the relaxation
times will be shorten. In order to compare the two mod-
els, we simply take q = 1 in the following calculations.
The mass of the IHO will affect the Γ in Eq. (5). How-
ever, a large number of numerical simulations show that
the decoherence and the relaxation times are not sensi-
tive to the changing of the parameter Γ so we simply take
it equals to 0.002 in the following calculations. In order
to consider all of the memory effects of the environment,
we should know the memory times of the environments
τm. The length of the memory times of Ohmic bath and


















Here, β = 1/kBT, where kB is the Boltzmann constant,
and T is the temperature. It is shown that when the
real and imaginary parts behave as the delta function
δ (t) and its derivative δ′ (t) , the dynamics of the reduced
density matrix is Markovian. However, if the real and
imaginary parts are broader than the delta function, the
dynamics is non-Markovian. The broader the Re[α (t)]
and Im[α (t)] are, the longer the memory time will be.
The broader the Re[α (t)] and Im[α (t)] are, the more
serious the practical dynamics will be distorted by the
Markov approximation. In Fig.1 we plot the Re[α (t)]




where we choose ξ = 0.001, Ω = 5 × 1012 Hz, and the
cutoff frequency of the bath mode ωc = 4.5× 10
12 Hz. It
is shown that the Ohmic bath has shorter memory time
than the effective bath, but the response values are small
enough for the both baths as the time τm > 9× 10−11 s.
As we take q = 1, the SIB model Eq. (4) is same as the
SB model Eq. (1) except for the spectral density. So in
order to obtain the representations of the reduce density
matrix of the qubit for the two systems we should only
formally study the dynamics of the one of the models.
Suppose the initial state of the SB model has the form
R (0) = ρ (0)⊗ ρbath (0) , (7)
where ρ (0) and ρbath (0) are the initial states of the qubit
and bath. Thus the evolution of the reduced density
operator of the open qubit is
ρ˜ (s′′, s′; t) = Trbath 〈s
′′| e−iHt/h¯ρ (0)⊗ρbath (0) e
iHt/h¯ |s′〉 ,
(8)
which can be expressed as
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Here, H0 is a reference Hamiltonian, Henv =








crete path integral representation of the qubit
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denotes the process being non-Markovian. With the
quasiadiabatic discretization of the path integral, the

























where s+N = s
′′ and s−N = s
′. The coefficients ηkk′
can be obtained by substituting the discrete path into
the Feynman-Vernon expression. Their expressions have
been shown in Ref. [7]. The central task in the following
is to calculate the reduce density matrix of Eq. (9). Be-
cause the Eq. (9) include a nonlocal term the evolution
of the equation in general can not be calculated using the
standard matrix multiplication procedure. Fortunately,
Makri and co-workers [7, 8, 9] developed some excellent
schemes to numerically calculate it. The iterative tensor
multiplication (ITM) technique is one of them. In the
ITM method one should pay attention to two time con-
cepts and their relationships. At first, one should choose
the time step ∆t of the numerical calculations to ensure
convergence of the calculations. Secondly, in order to
consider all of the memory effects of the environment,
∆kmax∆t should be taken not smaller than the effective
memory time of the environment (which can be obtained
from from Fig. 1, for convenience we take τm ≈ 9×10−11
s for the two models). Here, ∆kmax = k
′−k, where k′ and
k denote the time lattice points. The method neglect
the ‘long-distance interactions’ (with |k′ − k| > ∆kmax)
which in fact is unimportant. In the following section we
shall investigate the decoherence and relaxation of the
qubit based on their dynamical results in the two mod-
els.
III. DECOHERENCE AND RELAXATION
The decoherence is in general produced due to the
interaction of the quantum system with other systems
with a large number of degrees of freedom, for exam-
ple the devices of the measurement or environment. To
measure the decoherence one may use the entropy, the
first entropy, and many other measures, such as maximal
deviation norm, etc. (see for example Refs. [12, 13]).
However, essentially, the decoherence of a open quan-
tum system is reflected through the decays of the off-
diagonal coherent terms of its reduced density matrix.
The decoherence time denoted by τ2 measures the time
of the initial coherent terms to their 1/e times, namely,
ρi (n,m)
τ2→ ρf (n,m) = ρi (n,m) /e. Here, n 6= m, and
n, m = 0 or 1 for qubits. In the following, we investigate
the decoherence times via directly describing the evolu-
tions of the off-diagonal coherent terms, instead of using
any measure of decoherence. In the following we set the
initial state of the qubit is ρ (0) = 12 (|0〉+ 〈1|) (〈0|+ 〈1|)
which is a pure state and it has the maximum coher-








. Some tests found
that ∆t = 3 × 10−11 s can result in convergence of cal-
culations in these systems. So, in the calculations we
uniformly take the ∆kmax = 3 and ∆t = 3× 10
−11 s. By
using these parameters we can plot the evolutions of the




Here and in the following we set the ξ, Γ, Ω and ωc have
the same values as that in Fig.1. In Fig. 2a we plot the
ρ˜12 of qubit in SB model with Ohmic bath where we set
ǫ = 2 × 1012 Hz, ∆ = 0.2 × 1012 Hz; ǫ = 2 × 1012 Hz,
∆ = 0.4 × 1012 Hz; ǫ = 2 × 1012 Hz, ∆ = 2 × 1012 Hz ;
ǫ = 0.4×1012 Hz, ∆ = 2×1012 Hz; and ǫ = 0.2×1012 Hz,
∆ = 2× 1012 Hz. Fig. 2b we plot the ρ˜12 of qubit in SIB
model where we take the values of the parameters as that
in Fig. 2a. From the figures we can obtain two results:
At first, in the two cases the decoherence times increase
with the decreasing of ε and ∆ but the decoherence is
more sensitive to the changing of ∆ than that to the
changing of ǫ. Secondly, The decoherence time of the
qubit is longer in SB model with Ohmic bath than in the
SIB model with the effective bath. As stressed that in
our calculations we take q = 1 in Eqs. (3) or 4). If we
take the value larger than 1 the decoherence time of the
qubit in the SIB model will be shorten more. From the
Fig. 2 we obtain another phenomenon that the more the
∆ close to the ǫ the stronger the ρ˜12 oscillate.
Similar to the decoherence times the relaxation times
of the qubits can also be investigated with the reduce
density matrix through ITM based on QUAPI. The relax-
ation time is denoted by τ1 which measures the time of a
initial state to the final thermal equilibrium state through
estimating the diagonal terms of the reduce density ma-
trix, namely, ρi (n, n)
τ1→ e−En/kbT . In Fig.3 we plot the
evolutions of the diagonal terms ρ˜11. Here we also set the
initial state of the qubit ρ (0) = 12 (|0〉+ 〈1|) (〈0|+ 〈1|),






. The values of the parameters ξ,
Γ, Ω and ωc are similar to that in Fig. 2. Here we only
take three set of data for ǫ and ∆, namely ǫ = 2 × 1012
Hz, ∆ = 0.4× 1012 Hz; ǫ = 2× 1012 Hz, ∆ = 2× 1012 Hz




Comparing Fig. 3 with Fig. 2 we see that the relaxation
times are longer than the decoherence times for the qubit
in the both models, the SB and SIB models, respectively.
From Fig. 3 we can also see that the relaxation time
of the qubit is longer in the SB model than it in the
SIB model, and they increase with the decreasing of the
∆ and ǫ. The relaxations are also more sensitive to the
changing of ∆ than to the changing of ǫ. As the ∆ close to
the ǫ the relaxations are also having a stronger oscillation
for the two models.
IV. CONCLUSIONS
In this paper we have investigated the decoherence
and relaxation of a qubit coupled to a Ohmic bath di-
rectly and via a IHO. A accurate numerical path integral
scheme, ITM based on QUAPI method is used. By use
of the method we obtained the evolutions of the reduce
density matrix elements of qubit in SB and SIB models.
It is clearly shown that the qubit has longer decoherence
and relaxation times in SB model than that in SIB model.
This conclusion is safe because we have only taken the
best case (q = 1) for preserving the coherence for the
SIB model. In fact, q may be great larger than the value
for many practical models. If q > 1 the decoherence and
the relaxation times will shorten for the SIB model. The
qubit in SIB model is considered to be taken as the qubit
in quantum computer. This model has a probe, the IHO
which is convenient for using it to read out the informa-
tion from the computer. But, from our results in this
paper we see that the probe will shorten the relaxation
and the decoherence times.
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V. FIGURES CAPTIONS
Fig.1 The response functions of (a) the Ohmic bath
and (b) the effective bath.
Fig. 2 The evolutions of the off-diagonal elements of
the reduce density matrixes for the qubit in (a) SB and
(b) SIB models. Here, we set ξ = 0.001, Ω = 5 × 1012
Hz, ωc = 4.5 × 10
12 Hz. The values of the parameters ǫ
and ∆ are denoted in the text and the figures.
Fig. 3 The evolutions of the diagonal elements of the
reduce density matrixes for the qubit in (a) SB and (b)
SIB models. Here, the values of the parameters of ξ,
Ω and ωc are same as that in Fig. 2 and the values of
the parameters ǫ and ∆ are denoted in the text and the
figures.
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